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Abstract. In this paper, we establish some new Ostrowski's type inequalities 
for m— and (a,m)— logarithmically convex functions by using the Riemann- 
Liouville fractional integrals. 



1. INTRODUCTION 

Let / : / C [0, oo] — » R be a differentiable mapping on 1°, the interior of the 
interval /, such that f £ L [a, b] where a, b £ I with a < b. If \f (x)\ < M, then 
the following inequality holds (see [7]). 



(1.1) 



f{u)du 



< 



M 



[x — a) 2 + (b — x) 2 



This inequality is well known in the literature as the Ostrowski inequality. For 
some results which generalize, improve and extend the inequality (jl.ip see ([7J|8j 
13 [101 [TTJ [18]) and the references therein. 

Let us recall some known definitions and results which we will use in this paper. 
The function / : [a, b] —> R, is said to be convex, if we have 

f(tx + (l-t) y)<tf (x) + (l-t)f(y) 

for all x, y £ [a, b] and t £ [0, 1] . We can define starshaped functions on [0, b] which 
satisfy the condition 

/ (tx) < tf (x) 

for t £ [0, 1] . 

The concept of m— convexity has been introduced by Toader in [5], an interme- 
diate between the ordinary convexity and starshaped property, as following: 

Definition 1. The function f : [0, b] — > M, b > 0, is said to be m— convex, where 
m £ [0, 1] , if we have 

f(tx + m(l- t) y) < tf (x) + m (1 - t) f {y) 

for all x, y £ [0, b] and t £ [0, 1] . We say that f is m— concave if —f is m— convex. 

In [4], Mihe§an gave definition of (a, m)— convexity as following; 
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Definition 2. The function f : [0, b] — > M, b > is said to be (a, m) — convex, 
where (a, m) G [0, l] 2 , if we have 

f(tx + m(l - t)y) < t a f(x) + m(l - 

for all x, y G [0, 6] and t £ [0, 1]. 

Denote by K^(b) the class of all (a, m)— convex functions on [0,b] for which 
/(0) < 0. If we choose (a, to) = (1, m), it can be easily seen that (a, m) — convexity 
reduces to m— convexity and for (a, m) = (1, 1), we have ordinary convex functions 
on [0, b]. For the recent results based on the above definitions see the papers [2] -[9]. 

Definition 3. A function f : [0,6] — > (0, oo) is said to be m— logarithmically 

convex if the inequality 

(1.2) / (tx + m (1 - t) y) < [f [/ {vT^ 

holds for all x, y G [0, b], m G (0, 1] , and t G [0, 1]. 

Obviously, if putting m = 1 in Definition 3, then / is just the ordinary logarith- 
mically convex function on [0, b]. 

Definition 4. (^TJj A function f : [0, b] — » (0, oo) is said 6e (a, m) —logarithmically 
convex if 

(1-3) / (te + m (1 - t) y) < [f (x)f [f (y)r (1 ~ n 

holds for all x, y G [0, b], (a, m) G (0, 1] x (0, 1] , and t G [0, 1]. 

Clearly, when taking a = 1 in Definition 4, then / becomes the standard m- 
logarithmically convex function on [0, b]. 

We give some necessary definitions and mathematical preliminaries of fractional 
calculus theory which are used throughout this paper. 

Definition 5. Let f G Li[a,b]. The Riemann-Liouville integrals J^+f and Jjf-f of 
order /j, > with a > are defined by 

X 

J « +f {x) = W) j {x - tr ~ l mdt > x > a 

a 

and 

b 

J "- f{x) = f^)/ (t ~ X) ^ X K b 

x 

oo 

respectively where T(/i) = J e^ t u^ 1 du. Here is J® + f{x) = J°_/(x) = f(x). 

o 

In the case of fi = 1, the fractional integral reduces to the classical integral. For 
some recent results connected with fractional integral inequalities see [TT]-[i"8]. 

The aim of this study is to establish some Ostrowski type inequalities for the class 
of functions whose derivatives in absolute value are m— and (a, m) — geometrically 
convex functions via Riemann-Liouville fractional integral. 
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2. THE NEW RESULTS 

In order to prove our results, we need the following lemma that has been obtained 
in HI]: 

Lemma 1. ^[llj ) Let f : [a, b] — >■ R be a differentiable mapping on (a, b) with a < b. 
If f £ L [a, b] , then for all x 6 [a, b] and fx > we have: 

(*-"r + «>-*r f {x) _ rj^+i) [r {a) + , {b)] 

b — a b — a 



(x - a) 



6 — a 

oo 

where = J e~'u' J ' du 



t^f (tx+(l-t)a) dt + 



(b-x) 



|U+1 



b — a 



*"/' (te + (1 - i) 6) eft 



Theorem 1. Lei / : [0,oo) — > (0, oo) &e differentiable mapping with a, 6 6 [0, oo) 
swc/i i/iai a < b. If \ f (x)\ is (a, to) — logarithmically convex function with \ f (x)\ < 
M, /' G L [a, 6] , (a, m) 6 (0, 1] x (0, 1] and /J, > 0, t/ien i/ie following inequality for 
fractional integrals holds: 

(x - af + (b - xf T(fi+ 1) f _ ., 



(2.1) 

where 



< 



1 



2^ + 1 



b — a 



+ K 1 (a, to, i) 



6 — a 

(x - af l+1 + (b- xf +1 



2 (6 - a) 



M 2m (M 2 



Ki{a, m, £) = 



, M < 1 



(2q-2qi7i) InM 

1 , M = 1 

Proof. By Lemma [1] and since |/'| is (a, m) —logarithmically convex, we can write 



(a; -" ) ' + (t - I, "/w-q^l)K-/(a) + J ;v/( ( »] 



< 



< 



< 



(x — a) 



b — a 





b 


— a 


(x 




af +1 




b 


— a 


(x 




af +1 




b 


— a 



f 1 \f (ta + (l-i) a)\dt + 



(b-x) 



I) 



6- 



t"|/' (ix + (l-t) fo)| rft 



Vto/ 



m(l-t") 



(b-x) 



b — a 



t>*\f'(x)\ 



r 



dt 



& — a 



t^M m+ta{1 - m) dt. 



By using the elemantery inequality ce? < — , 
(2.2) 



we have 



(.t - a) M + (6 - r (jj, + 1) r , 
/ («) £ — — L J x-/ (°) + ( b )J 



< 



(a; — a) 



b — a 



b — a 



b — a 



t 2 ^ + Af 2 (" l + t °( 1 - m )) (b - xY + f 1 t 2 » + Af 2 ( m +*°( 1 - m )) 



f M 2(m+t"(l-m)) dt 

2fx + l ' 



-dt , 

— a 

(a - fl ) M+1 + (b - x f +1 
2(b-a) 



-dt 
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If we choose M = 1, then 



M 2{m+t a {l-m)) dt _ L 



If M < 1, then 7V/ 2 ( m+ *°( 1 ~ m ^ < M 2 ( m+at V-- m » , thus 



M 



,, ^ tn „ M 2m (M 2Q - 2am - 1) 
(2a — 2am) In M 
Which completes the proof. 



□ 



Corollary 1. Let / : [0, oo) — > (0, oo) be differ entiable mapping with a,b G [0,oo) 
such that a < b. If is m— logarithmically convex function with \ f (x)\ < 

M, f G L [a, b] , m G (0, 1] and /i > 0, i/ien i/ie following inequality for fractional 
integrals holds: 



(x - af + (b - xf f ^ r (/i + 1) r rf ^ T , 



"/(*) 



(2.3) 



< 



1 



M 2 - M 2 



2/i+l 21nM-2mlnM 



(a - a)^ 1 + (b - xf +1 
2{b-a) 



Proof. If we take a = 1 in (|2.ip . we get the required result. 



□ 



Corollary 2. Let f : [0, oo) — > (0, oo) be differ entiable mapping with a,b G [0, oo) 
smc/i £/iai a < b. If \f (x)\ is logarithmically convex function with \ f (x)\ < M, f G 
L [a, b] and fi > 0, then the following inequality for fractional integrals holds: 



{X ~ aT + {b - </ (*) ~ [J^f (a) + J» + fi 



(2.4) 



< 



1 



2^ + 1 



M 



b-i 

(x - af +1 + (b - xf +1 
2 (b - a) 



Proof. If we take a = m = 1 in (|2.2[) . we get the required result 



□ 

Corollary 3. Let f : [0, oo) — > (0, oo) be differ entiable mapping with a,b G [0, oo) 
such that a < b. If \ f (x)\ is logarithmically convex function with \ f (x) \ < M and 
f G L [a, b] , then the following inequality holds: 

cb 



/(*)- 



1 



f(u)du 



< 



(x — a) 2 + (b — x) 2 



□ 



b-a J„ Jy ' ~ 3 2 (b - a) 

Proof. If we choose \i = 1 in (|2.4I) . we get the required result. 

Theorem 2. Let f : [0, oo) — > (0, oo) oe differentiable mapping with a,b G 
[0, oo) smc/i i/iaf a < b. If \ f (x)\ q is (a,m) —logarithmically convex function with 
\f [x)\ q < M,f G L[a,b], (a,m) G (0,1] x (0,1] and (j, > 0, iften tfie following 
inequality for fractional integrals holds: 

( -"" + »- ), /w-^[ J r./(.) + «/w] 



< 



b — a 



v(q-p) + q- 1 



(if a (a,m,t))« 



(a: - af +1 + (6 - a) 



(6 -a) 
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where q>l, 0<p<q and 

M m (r(fip+l)-r( W j+l,lnM a < m - 1 >)) 
(lnMof-i))" 11 

K 2 (a,m,t) = < 



,M < 1 



, M = 1 



Proof. From Lemma 1 and by using the properties of modulus, we have 



/ (x) — |J£-/ (a) + J£+f (6)J 



< 



(x — a) 



b — a 
n+i r i 



b — a 



b — a 



f |/' (tx+(l-t) a)\dt + 



(b-x) 



b — a 



(ta + (l-i) 6)| dt. 



By applying the Holder inequality for q > 1, < p < q, we get 

{X ~ af + ib ~ Xf f (x) - I£±i) [J* / (a) + J* / (6)] 



< 



b — a 

(x - af +1 
b — a 



b — a 

9-1 

~ / i 



+ 



(6-x) 



6 — a 

It is easy to see that 



J A q ^)dt 



8-1 

~9~ / 1 



t» p \f (tx + (l-t) a)\ q dt 
t w \f (tx + (l-t) b)\ q dt 



/ 



A^)dt 



m (e - p) + q - i ' 



Hence, by (a, m) —logarithmically convexity of \f'\ q , we have 
(2.6) 

{X ~ ^ + ib ~ Xf f (x) - ^^±11 [J^_/ (a) + J* + / (6)] 



< 



(x — a) 



b — a 



q-l 



b — a 

9-1 / 1 



b — a \v(q— p) + q — l 



Jt™\f(x) 



r 



+ 



(b-x 



u+1 



9-1 



o 

-i / i 



& - a \M(g-p) + 9- l 
(x-a)^ 1 f g-1 



<(*> 



in 



dt 



i(i-f) 



dt 



b - a \n(q-p) + q- l 



(b-x) 



9-1 



b-a \v(q-p) + q 



i / i 



l) 9 ij^ P M m+t0,(1 - m) dt 
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If we choose M = 1, then 



t^dt = 



o 

If M < 1, then Af"^'^ 1 -™) < M m+at(1 ~ m \ thus 



Which completes the proof. 



M m (r (hp + i) - r (up + MnM '" 1 - 1 ')) 

(lnM«("-D) w+1 



□ 



Corollary 4. Lei / : [0, oo) — > (0, oo) be differentiable mapping with a,b G [0, oo) 
swc/j i/iai a < b. If \f (x)\ q is m— logarithmically convex function with \f'{x)\ q < 
M, f G L[a,b] , m G (0, 1] and > 0, iften ifte following inequality for fractional 
integrals holds: 



(x - af + (b-xf r(/x + 1) ,, u;(( f| 



< 



6 — a 
9-1 



(tf 2 (l,m,t))i 



(m — a) 



(6-1) 



K H(q-p) + q- 1. 
where q > 1, < p < g and 

A/ m (r( w +i)-r( w +i,inM (m - 1) )) 



# 2 (l,m,t) = 



(lnM(—D) f ' p+1 
1 



(6 -a) 

,M< 1 
,M = 1 



Proof. If we set a = 1 in 12.51 the proof is completed. 



□ 



Corollary 5. Lei / : [0, oo) — > (0, oo) be differentiable mapping with a, b G [0, oo) 
swc/i that a < b. If \f (x)\ q is logarithmically convex function with \ f {x)\ q < 
M, f G L [a, 6] and /i > 0, then the following inequality for fractional integrals 
holds: 

{X ~ ^ + (b " Xf f (*) - T -^ 1 [•£-/(«) + J^/(6)] 



b — a 
9-1 



b — a 



1 



(x — a) 2 + (6 — x) 2 



where q > 1, < p < g. 

Proof. If we set a = m = 1 in 12 .61 the proof is completed. 



(b-a) 



a 



Corollary 6. Let f : [0, oo) — > (0, oo) be differentiable mapping with a, b G 
[0, oo) such that a < b. If \f (x)\ q is (a, to) —logarithmically convex function with 
\f ( x )\ q < M, f £ L [a, 6] and (a,m) G (0, 1] x (0, 1] , iftera ifte following inequality 
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holds: 
(2.7) 



/(*) 



b — a 



< 



2q-p-\ 
where q > 1, < p < q and 

K^(a, m, t) - 



f(u)du 



(Ki(a, m, t)) q 



(x — a) 2 + (b — x) 2 



M m (r(p+l)-r(p+l,ln A/"'" 1 " 1 ')) 
(lnM»(-')) fH 



1 

p+1 



,M < 1 
,M = 1 



Proof. If we set /i — 1 in !2.5[ the proof is completed. 



□ 



Corollary 7. Let f : [0, oo) — > (0, oo) &e differ entiable mapping with a,b £ 
[0, oo) such that a < b. If \f (x)\ q is (a, m) —logarithmically convex function with 
\f ( x )\ q < M, f £ L [a, b] and (a,m) £ (0, 1] x (0, 1] , then the following inequality 
holds: 



q-l 



1 



f{u)du 



< 



where q > 1, < p < q and 



b — a 
(K"i(a,TO,*))« 



(x — a) 2 + (b — x) 2 



M m (r(2)-r(2,lnM° ,(m_1) )) 



if 4 (a, m, t) = 
Proof. If we set p — 1 in 12.71 the proof is completed. 



, M < 1 
,M = 1 



□ 
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